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Abstract 

Given a compact p-adic analytic group we prove that the distribu- 
tion algebra admits a Frechet-Stein structure with Auslander regular 
Banach algebras whose global dimensions are bounded above by the di- 
mension of the group. As an application, we prove that nonzero coad- 
missible modules coming from smooth or, more general, [/(g)-finite 
representations have a maximal grade number (codimension) equal to 
the dimension of the group. 

1 Introduction 

Given a locally L-analytic group G where L C C p is a finite extension of 
Q p P. Schneider and J. Teitelbaum recently developed a systematic frame- 
work to study locally analytic G-representations in topological p-adic vector 
spaces (cf. [ST1-6]). At the center of this theory lies a certain subcate- 
gory Cg of modules over the K- valued locally analytic distribution algebra 
D(G,K), K C C p being a complete and discretely valued extension of L. 
The category Cq (the coadmissible modules) is contravariantly equivalent to 
the category of admissible locally analytic G-representations via the functor 
"passage to the strong dual". The construction of Cq relies on the fact that, 
when G is compact, the algebra D(G, K) is Frechet-Stein. The latter means 
that D(G,K), although in general not noetherian, equals a projective limit 
of certain noetherian Banach algebras D r (G,K) with flat transition maps. 
Furthermore, Schneider and Teitelbaum prove ([ST5], Thm. 8.9) that, in 
case L = Q p and G is compact, the ring D(G,K) is "almost" Auslander 
regular: the rings D r (G,K) are Auslander regular with a global dimension 
bounded above by the dimension of the manifold G. This result allows to 
establish a well-behaved dimension theory on Cq where the usual grade num- 
ber serves as a codimension function. On the other hand, it allows to deduce 
important properties of the locally analytic duality functor (cf. [ST6]) e.g. 
its involutivity. 
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The present work establishes the regularity property of D(G, K) over 
arbitrary base fields. Its main result is the 

Theorem. Let G be a compact locally L-analytic group. Then D(G, K) has 
the structure of a K -Frechet- Stein algebra where the corresponding Banach 
algebras are Auslander regular rings whose global dimensions are bounded 
above by the dimension of G. 

The family of Banach algebras arises in the same fashion as in [ST5] i.e. the 
rings D r (G, K) come as quotient Banach algebras via the map D(Gq, K) — > 
D(G, K). Here, Go denotes the underlying locally Q p -analytic group and the 
map comes dually from embedding locally L-analytic functions into locally 
Qp-analytic functions on G. 

The brief outline of the paper is as follows. After reviewing the notions 
of Auslander regularity, uniform pro-p groups and Frechet-Stein algebras in 
our setting (sections 2-4) the first part of the paper is led by the filtration 
techniques developed in [ST5] over Q p : in section 5 we single out certain 
subgroups H of G serving as locally L-analytic analogues of uniform groups. 
Their underlying locally Q p -analytic groups Hq are uniform. We prove that 
G contains sufficiently many subgroups of this type. In section 6 the induced 
nitrations in the sequence 

— ► I r (H , K) — ► D r (H , K) — ► D r (H, K) — > 

as well as the associated graded objects are determined. Here, D t {Hq,K) 
is filtered through its norm and I r (Ho,K) denotes the norm-closure inside 
D r (H ,K) of the kernel of D(H ,K) -» D(H, K). Provided the index r 
is sufficiently "small" we may deduce the regularity of D r (H,K) from the 
shape of its graded ring gr' r D r (H,K). 

The second part of the paper reduces the general situation to this special 
case (sections 7-8). It relies on the observation that the norm-completed 
versions of ring extensions D(iLj m \ K) C D(Hq,K) coming from lower p- 

series subgroups Hq 7 ^ C Ho are homologically well-behaved. 

We finish by describing the resulting dimension theory on Cq- As an 
application we show that coadmissible modules coming from smooth or, 
more general, f7(g)-fmite G-representations (as studied in [ST1]) are zero- 
dimensional. 

Notations: Throughout, Q p C L C K C C p is a chain of complete interme- 
diate fields where L/Q p is finite and K is discretely valued. If not otherwise 
stated G denotes a compact locally L-analytic group, ql its Lie algebra and 
exp an exponential map. Let k := 1 resp. k := 2 if p is odd resp. even. 
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2 Auslander regularity 

Let R be an arbitrary associative unital ring. For any (left or right) R- 
module iV~ the grade jn(N) is defined to be either the smallest integer I such 
that Ext l R (N,R) + or oo. A left and right noetherian regular ring R is 
called Auslander regular if every finitely generated left or right i?-module N 
satisfies the Auslander condition (AC): for any I > and any i?-submodule 
L CExt^(iV, R) one has jn(L) > I. It is well-known that commutative 
noetherian regular rings are Auslander regular. The same is true for Zariski 
rings R with Auslander regular graded ring ([LVO], III. 2. 2. 5). 

We start by examining a certain type of ring extension that will occur 
frequently in the following. 

Lemma 2.1 Let Rq C Ri be an extension of unital noetherian rings where 
Ri is flat as left and right Ro-module. Let N be a finitely generated left 
Ro-module. Put Ni = R 1 ® Rq N. Then 

Ext* Ro {N,R ) ® Ro R x ~ Ext|j 1 (Ni,Ri) 

as right R\-modules. 

Proof: This is standard: using a projective resolution of N by finitely gener- 
ated free left i?o- m °dules this reduces to degree zero where the isomorphism 
is obvious. □ 



Lemma 2.2 Let Rq C Ri be an extension of unital rings. Suppose there 
are units b\ = 1,62, ■■■,bt £ R* which form a basis of Ri as (left and right) 
Ro-module and which satisfy: 

1. biRo = R$bi for any 1 < i <t, 

2. for any 1 < i, j < t there is 1 < k < t such that bibj € bkRo, 

3. for any 1 <i <t there is 1 <l <t such that b^ 1 € fy-Ro- 
Suppose t is invertible in Rq. 

Then: Rq is noetherian if and only if R\ is noetherian. In this case both 
rings have the same global dimension. Rq is an Auslander regular ring if 
and only if this holds true for R\ . 

Proof: Clearly, if Rq is (left and right) noetherian so is R\. Conversely, let 
i?i be noetherian and consider an ascending chain of left ideals (Jj) in Rq. 
The chain of left ideals (R\Ji) in R\ becomes stationary. Now R\ = 6ji?o 
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implies R\Ji ORq = Jj and so the chain (Jj) becomes stationary. The same 
works with right ideals thus proving that R\ is noetherian. In this case 
[ST5], Lem. 8.8 (note, that in [loc.cit.] the assumption that t is invertiblc 
is crucial but not explicitly stated) yields that Rq and R\ have the same 
global dimension. 

Now assume that Rq is Auslander regular. Let iVbea finitely generated 
left or right i?i-module. By [loc.cit.] we have 

Ext^A^-Ext^A,^) (1) 

as abelian groups. Let L C Ext^ (N, be any i?i-submodule. Since R\ 
is noetherian and A is finitely generated Ext^ (A, R\ ) is finitely generated 
as i?i-module. Hence, so is L. Consider L as i?o- m °dule. Then it is finitely 
generated and so from L C Extj ?o (A r , Rq) we deduce by (AC) for the finitely 
generated i?o-module A that jr q {L) > I. But this implies j Rl (L) > I by 
([T]). Hence, A satisfies (AC) and R\ is Auslander regular. 

Conversely, suppose that R\ is Auslander regular. Let A be a finitely 
generated left i?o-module and let L C Ext^ Q (A, Rq) be any right i?o- m odule. 
It is finitely generated by the same argument as above. Put N± := R\ ®r N. 
Then 

L ® Ro Ri C Ext^ (A,i? ) ®flo Ri = Ext l Rl (N x ,Ri) 

where the first inclusion is flatness of Ri over Rq and the last equality 
(of right i?i-modules) follows from Lem. 12.11 By (AC) for iVj we have 
jR ± {L ®r q Ri) > I and so Ext^(L ® Ro R\,R\) = for all k < I. By the 
same proof as for Lem. 12.11 (replace "left" by "right") one has 

Ext^(L ® Ro Ri,R\) = Ri ® Ro Ex.t k Ro (L,R ) 

as left i?i-modules and so Ext^ (L, Rq) = for all k < I by faithful flatness 
of R\. This implies by definition of the grade number jR (L) > I and so 
the left i?o _m °dule N satisfies (AC). The proof for right modules being the 
same this shows that Rq is Auslander regular. □ 

The main application of this result will be the following: if H C G de- 
notes an open normal subgroup and D(H,K) C D(G,K) the distribution 
algebras then this ring extension satisfies the assumptions of the preceding 
lemma. Any system of representatives for the cosets in G/H containing 1 
serves as a basis. 

3 Uniform pro-p groups and ^-valuations 

The aim of this section is to clarify the relation between uniform pro-p 
groups and the p- valued groups introduced in [ST5]. We begin by recalling 
the basic properties of uniform groups. For the details we refer to [DDMS]. 
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Let G be a topologically finitely generated prop group. Denoting by G 
the subgroup of G generated by Z-th powers the lower p-series (Pi(G))i>\ is 
inductively defined via 

Pl(G) := G, P i+1 (G) := Pi(G) p [Pi(G),G] 

for all i > 1. The subgroups Pi(G) are (topologically) characteristic in G and 
constitute a fundamental system of open neighbourhoods for 1 £ G. The 
group G is called powerful if the commutator of G is contained in G p resp. 
G 4 (in case p odd resp. even). In this case Pj + i(G) = Pi(G) p = G p . Finally, 
G is called uniform if it is powerful and the index (Pi(G) : Pj + i(G)), i > 1 
does not depend on i. A uniform group G has a unique locally Q p -analytic 
structure: for any minimal (ordered) set of topological generators h\, ...,hd 
the map 

{x 1 ,...,x d )^h x 1 1 ■ --h x d d 

is a bijective global chart Z p — > G. In this situation, the subgroup P%{G) 
equals the image of p* _1 Zp and is uniform itself. 

On the other hand, there is the notion of a p-valuation uj on an abstract 
group G introduced in [Laz]. This is a real valued function 

— (l/(p-l),oo) 

satisfying 

1. ui(ghr x ) > min (u(g),u(h)), 

2. u^h^gh) >uj{g)+uj(h), 

3. uo(g p ) = uo{g) + 1 

for all g,h G G. As usual one puts u;(l) = oo. A p-valuation gives rise to a 
natural filtration of G by subgroups defining a topology on G. A p-valued 
group (G,u>), complete with respect to this topology, is called p-saturated if 
any g G G such that oj{g) > p/(p — 1) is a p-th power. 

Now let G be a compact locally Q p -analytic group endowed with a p- 
valuation uj. It follows from [Laz], III. 3. 1.3/9 and III. 3. 2.1 that the topology 
on G is defined by to whence G is complete. Furthermore, G admits an 
ordered basis. This an ordered set of topological generators hi,...,hd of G 
such that the map (x\, ...,Xd) h- > h Xl ■ ■ ■ h x d d is a bijective global chart Zp—>-G 
and satisfies 

u(h Xl ■ ■ ■ h x d d ) = min (u(hi) + v p (xi)). (2) 
i=l,..., a 

Here, v p is the p-adic valuation on 7L V . In [ST5J, Sect. 4 the authors introduce 
the class of compact locally Q p -analytic groups G carrying a p-valuation ui 
with ordered basis hi,...,hd that satisfy the following additional axiom 
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(HYP) (G,u) is p — saturated and the ordered basis h\, hd of G 
satisfies uj(hj) + oj(hj) > p/(p — 1) for any 1 < i ^ j < d. 

If d = 1 the second condition is redundant. 

We show that this class and the class of uniform groups are closely related 
(comp. also [loc.cit.], remark after Lem. 4.3). 

Proposition 3.1 Let G be a uniform pro-p group of dimension d. Then 
G has a p-valuation uj satisfying (HYP). It is given as follows: for g € 
Pi{G) \ Pi + \(G) put uj(g) := i resp. u>(g) := i + 1 in case p / 2 resp. 
p =2. In particular, uj is integrally valued. Any ordered system of topological 
generators h\,...,hd for G is an ordered basis for uj in the sense of (HYP) 
with the property 

ojQii) = ... = uj{h d ) = K. 

Conversely, i/p / 2 then any compact locally Q p -analytic group with a p- 
valuation satisfying (HYP) is a uniform pro-p group. 

Proof: Let G be a uniform pro-p group. Define uj as in the proposition. 
If d > 1 then clearly uj(hi) + uj(hj) > p/(p — 1) for i ^ j. Moreover, 
u(g) > p/(p - 1) for g E G implies g G P 2 (G) and by [DDMS], Lem. 3.4 the 
group P2(G) consists (as a set) precisely of the p-th powers of G. So for the 
first statement it remains to see that uj really is a p-valuation: the axiom 1. 
is clear. According to [loc.cit.], Lem. 4.10 the map x i— > x p is a bijection 
Pi(G)/P i+1 (G) -» P i+1 {G)/Pi +2 {G) for all i. Thus, 3. is satisfied. Now the 
lower p-series of any pro-p group satisfies 

[ p i(G),Pj(G)] < Pi + j +K ~i(G) 

for all i,j > 1 ([loc.cit.], Prop. 1.16 for p ^ 2 and lemma below for p = 2) 
which gives 2. Finally, any ordered set of (topological) generators h±,...,hd 
is an ordered basis and must lie in P\(G) \P2(G). This follows directly from 
the discussion in [loc.cit.], 4.2. In particular, uj(hi) = k for all i. 

Conversely, assume p ^ 2 and let a compact locally Q p -analytic group G 
be given together with a p-valuation uj satisfying (HYP). One has uj([g, h\) > 
p/(p — 1) for all g,h E G according to (HYP) and the equation (|2|) above. 
Since G is p-saturated this implies [G, G] C G p i.e. G is powerful. It is also 
torsionfree: A pro-p group can have at most p-torsion which is impossible 
by 3.. Hence, G is a finitely generated powerful pro-p group without torsion 
and so, according to [loc.cit.], Thm. 4.5, G must be uniform. □ 

The following was used in the preceding proof. 

Lemma 3.2 Let G be a powerful pro-2 group that is finitely generated. Then 

[Pi(G),Pj(G)]<Pi+j+i(G) 

for all i,j > 1. 
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Proof: Fix an arbitrary i and use induction on j. Abbreviate Pj := Pj(G). 
According to [loc.cit.], Thm. 3.6 we have [Pi, Pi] = [P,G] < Ff = P i+2 
which starts the induction. Now assume the statement holds true for all 
numbers less than k > 2. It suffices, according to [loc.cit.], Prop. 1.16, 
to show that [P(G"), P k (G')} = 1 for the (finite) powerful 2-group G' := 
G/P+fc+i. Abbreviate P[ := P(G') and note that P- +k+1 = 1. Now 
[P/, P^_i] is central in G' . Indeed, we have [P/,P^_ 1 ] < P' i+k by induc- 
tion hypothesis and \P' i+k ,G'\ < P/, fc+1 = 1. Using this together with 
[P/,P^_i] 2 < P[ 2 +k = P[ + k+i = 1 im P!ies M 2 ] = [x,y]y- l [x,y]y = [x,y] 2 = 
1 for x G P/, y G P^_i- Since G' is powerful one has Pj?_ 1 = {y 2 , y G P' k _i} 
according to [loc.cit.], Thm. 2.7. It follows that [P/,P£] = [P/,Pfc 2 _J = 1. □ 



4 ^(C, X) as a Frechet-Stein algebra 

We review the construction of the Frechet-Stein structure of D(G,K) since 
this is central to our work. 

Recall that a (two-sided) iiT-Frechet algebra is called Frechet-Stein if 
there is a sequence q\ < q2 < •■• of algebra seminorms on A defining its 
Frechet topology and such that for all n G N the completion A n of A with 
respect to q n is a noetherian i^-Banach algebra and a flat A n+ i-module 
via the natural map A n+ i — > A n . This applies to the algebra D(G,K) 
of .ff -valued locally analytic distributions on G: let Go be the underlying 
locally Qp-analytic group. Choose a normal open subgroup Hq C Go which 
is a uniform pro-p group. According to Prop. 13.11 the lower p-series of 
P^o induces an integrally valued p-valuation u) on Po satisfying (HYP) with 
h\, ...,hd chosen to be any (ordered) minimal set of generators of Po- Thus, 
the construction of [ST5], Sect. 4 for distribution algebras of such p- valued 
groups applies: the bijective global chart Zp — > Po for the manifold Po given 
by 

(x 1 ,...,x d )^h x 1 K..h x / (3) 

induces a topological isomorphism G an (Po, K) ~ G an (Zp,P') on if -valued 
locally analytic functions. In this isomorphism the right-hand side is a space 
of classical Mahler series and the dual isomorphism D(Hq,K) ~ D{WA, K) 
therefore realizes D(Hq,K) as a space of noncommutative power series. 
More precisely, putting h := hi - 1 G Z[G], h a := b^...b^ d for a G Ng 
the Frechet space D(Hq,K) equals all convergent series 

A = d * ha 

with d a G K such that the set {|c?o|? ,K ' <:i '} a is bounded for all < r < 1. 
Here |.| denotes the normalized absolute value on C p . The value A(/) G K 
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of such a series on a function / G C an (Ho, K) with Mahler expansion 

/(x) = E c «Uj' Ca G ^ 

is given by XlagNjj c ad a - The family of norms ||.|| r , 0<r<l defined via 

||A|| r :=sup|d a |r K H 

a 

defines the Frechet topology on D(Hq,K). Restricting to the subfamily 
<r< 1, r G these norms are multiplicative and the completions 
D r (Ho,K) are If -Banach algebras exhibiting the Frechet-Stein structure of 
D(H ,K). 

Choose representatives gi,...,g r for the cosets in G/H and define on 
D(G ,K) = ®iD(H ,K) gi the norms HX^iSillr : = max « WWV- The 
completions D r (Go, K) are the desired Banach algebras for D{Gq,K). 

Finally, D(G,K) is equipped with the corresponding quotient norms 
coming from the quotient map D(Gq,K) — > D(G,K). The latter arises 
dually from embedding locally L-analytic functions into locally Q p -analytic 
functions on G. Passing to the completions D r (G, K) yields the appropriate 
Banach algebras. 

We conclude with another important feature of D(Hq,K) in case of 
a locally Q p -analytic group Hq which is uniform. Each algebra D r (Ho,K) 
carries the (separated and exhaustive) norm filtration defined by the additive 
subgroups 

F r s D r (H ,K):= {A G D r (H , K), ||A|| r <p- s }, 

F r s +D r (H ,K):= {A G D r (H , K), ||A|| r <p- s } 

for sel. Put 

gf r D r (H ,K) := ® seW F^D r {H ,K)/F^ + D r (H ,K) 

for the associated graded ring. For a nonzero A G D r (Ho,K) denote by 
deg(A) G R the degree of A i.e. deg(A) = s if and only if A G F*D r (H , K) \ 
F^ + D t {Hq,K). The principal symbol cr(A) 7^ of A is then given by 
A + F° + D r (H ,K) G gr r D r (H ,K). Note that gr K ~ fcfo^o 1 ] where 
denotes the residue field and eo is the principal symbol of a prime element 
for K. It is a crucial fact that also gr' r D r (Ho, K) can be explicitly calcu- 
lated and equals a polynomial ring over gr K in the principal symbols cr(6j) 
([ST5], Thm. 4.5). 
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5 Results on certain standard groups 



Over the ground field Q p the Frechet-Stein theory of the distribution algebra 
depends heavily on the presence of uniform subgroups: every compact locally 
Qp-analytic group contains an open normal uniform subgroup ([DDMS], Cor. 
8.34). It is the principal aim of this section to generalize this latter fact in 
a suitable way to the ground field L. 

We begin by reviewing the notion of a standard group. Let m be the maximal 
ideal in the valuation ring o of L. A locally L-analytic group is called 
standard of level h, h G N if it admits a global chart onto (m h ) d C L d such 
that the group operation is given by a single power series without constant 
term and with coefficients in o d . A standard group of level 1 will simply 
be called standard. Any compact locally L-analytic group contains an open 
subgroup which is standard ([B-L], III. 7.3 Thm. 4). In case L = Q p a 
locally Qp-analytic group is called standard* if it admits a global chart onto 
p K Z d such that the group operation is given by a single power series without 
constant term and with coefficients in Z p . A standard* group is uniform 
([DDMS], Thm. 8.31). 

Lemma 5.1 Suppose G is a locally Q) p -analytic group which is standard* 
with respect to the global chart ip : G — > p K Z d . Denote by e, G Z^ the i-th 
unit vector. The elements hi := ip~ l {p K ei) constitute a minimal set hi, hd 
of topological generators ofG. 

Proof: By the proof of [loc.cit.] ip induces a group isomorphism 

G/P 2 (G) ^ p K Z d /p K+1 Z d 

where P2(G) equals the Frattini subgroup of G. Hence, h\,...,hd is a mini- 
mal set of topological generators. □ 

Let n = [L : Q p ], e' be the ramification index of L/Q p and u a uniformizer 
for o. Let left, I > 2 and let G be locally L-analytic of dimension d. 

Lemma 5.2 Suppose G is standard of level le' with respect to a global chart 
ip. Then it is standard of level 1 with respect to -u 1- ' 6 -tp. Its scalar restriction 
Go is standard* with respect to Go — > (p K o) d — > p Kr L p ld where the first map 
equals p K ~ l ■ ip and the second is induced by an arbitrary choice of "Lp-basis 
for o. 

Proof: Let t)i, X)a be the L-basis of ql induced by tp and regard tp as a map 
G — ► T where T = ©jin' e t)j C g L . By standardness we have for g,h G G 
and ip(g) = ^ \jt)j, ip(h) = ^ - fijty, with G m le that 

^(gh) = ^l,(Ai, ...,x d ,m, ...,/id)tjj 

3 
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where Fj(Xi, Xd, Y%, Yd) G o[[(X s ),(Y s )]] without constant term. 

Let us first prove the statement concerning Go: take as an L-basis of ql 
the elements j:'- := p l ~ K t)j. Then T = ®jm le 't)j = ©jm Ke 'j:j and for g,h G G 

and ip(g) = Ej A^, ip(h) = Ej Vjt'ji witn ^31 H e mKe ' we have 

= ^F J (A 1 p i - K ,...,AV _K ,/"ip'~ K ,-, »dP l ~ K )t)j- 

j 

Since i<j G o[[(X s ), (Y s )]] has no constant term and I > 2 (i.e. p l ~ K G Z p ) we 
get 

i>(gh) = ^F/(Ai,...,A d ,/ii,...,// d ) ? ;. (4) 

i 

where Fj' G o[[(X s ), (1^)]] without constant term. By definition G is stan- 
dard of level Ate' with respect to 

G^T = %m Ke '?j — ► (m Ke ') d . (5) 

Now choosing a Z p -basis ui, ...,v n of yields m Ke ' = ®jp K Z p fj. From ([5]) 
together with the Q p -basis {v^'j} of we obtain the global chart 

G ^T = 0, e t p K Z p v^ — > (p K Z p )" d (6) 

for Go which is as claimed. By (jU it follows for g, h G Go and ip(g) = 
Eij ip(h) = V, ; //,,'vr' . with Ajj,/ijj G p K Z p that 

= Ej F"((Y,r *rsVr)s, (Er **r««r)-)?$ 

= Ej Ei Cii((Ar S ), (/Zr»))u<Fj- 

Since i>j G we have ■UjUj = Ek c ijk v k with Cj^ G Z p . Hence, the func- 
tions Gjj are given by power series with coefficients in Z p and no constant 
term. By definition Go is therefore standard* with a global chart as claimed. 

It remains to see that G is standard of level 1 with respect to the claimed 
chart. But this follows as above by taking fj := u le _1 t)j as L-basis of ql- D 



Proposition 5.3 Any compact locally L-analytic group G contains an open 
normal standard subgroup H such that Hq is standard*. The corresponding 
global chart is given by 

TT exp -1 j 

H ®jvafj — ► rcr 
where exp is the exponential map and pi, ...,pd a suitable L-basis of q^. 
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Proof: Choose a basis t)' d of Ql, endow Ql with the maximum norm 

and Endi,(gL), the space of .L-linear maps on g^, with the operator norm. 
Choose A' G L x and consider 

A' := 0jA' _1 mtjj-. 

If A' has sufficiently big absolute value then the Hausdorff series converges 
on A' (viewed as a subset of L d via the basis t)[, t)' d ) turning it into a 
locally L-analytic group. We obtain an isomorphism of locally L-analytic 

groups exp : A' — > G' onto an open subgroup G' of G. 

i 

Enlarging A' we may assume that |ad pj < p p- 1 for all p G A' and that 
Ad(s) = EfcgNo V^! (adp) fe for all 5 = exp(p) G G' ([B-L], III.4.4 Cor. 3). 
Hence, |Ad(p)| = 1 and A' is Ad(g)-stable for all g G G' . Furthermore, let 
1Z' be a (finite) system of representatives for the cosets G/G' and put 

A := n fl6W /Ad(s)A'. 

Then A is Ad(g)-stable for all g G G. Now p t A is a subgroup of A' when t G N 
is big enough. To see this choose t G N big enough such that g exp(p)g _1 = 
exp(Ad(g)p) holds for all p G p*A' and for all g G 1Z' . Then p*A is stable 
under *, the group operation of A'. Indeed, if p, t) G p*A and g & 1Z' then 
writing p =Ad(g)p', t) =Ad(p)t/ with p', t)' G p t A' one may compute 

exp(p * n) = exp(Ad(#)p') exp(Ad( 5 )t) / ) = 5 exp(p') exp^')^ 1 

= exp(Ad( 5 )(p' *t>')). 

Observe here, that we have p' * t/ G p t A' since p*A' is a subgroup of A'. The 
calculation implies that p*t) G Ad(g)p*A' and since this holds for any g G TV 
we have p * t) G p*A. Since p*A = — p l A and G p f A we obtain that p f A 
really is a subgroup of A'. Hence, exp(p*A) is an open subgroup of G. 

Each Ad(g) is an L-linear isomorphism of ql and sop* A is a free o-module 
of rank d. Thus, there are rji, t)d in ql such that 

p l A = ®jVM)j 

and 

(p : exp(p*A) — > p*A = ©jtntjj — > m d 

is a global chart. According to (the proof of) [B-L], III. 7. 3 Thm. 4 we may 
pass to A _1 m d for suitable A G L \ and obtain that the open subgroup 

M := exp(A-yA) 

of G is standard with respect to the global chart A • <p\ M . In this situation 
consider 

T := @ j \~ 1 m le \ j C © i A _1 mt) i = A _1 p*A 
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for suitable Z G N, Z > 2 which will be chosen conveniently in the following. 
In the rest of the proof we show that the open subgroup 

H := exp(r) 

of G will satisfy our requirements. 

Let us first check normality: H is normal in M by [B-L], III. 7.4 Prop. 
6. Let 7Z be a (finite) system of representatives for the cosets in G/M. 
Enlarging I if necessary we may assume that gexp(p)g _1 = exp(Ad(<?)j:) 
holds for all p G T, g G 1Z. Now A is Ad(g)-stable for all g G G and hence, 
so is r = A _1, u' e _1 p*A (u a uniformizer for o) since each Ad(g) is L-linear. 
Thus, H = exp(r) is stable under conjugation with elements from 1Z and 
therefore it is normal in G. 

Now since M is standard with respect to A • (p\ M it follows from [loc.cit.] 
that H is standard of level le' with respect to A • <p\ B . Recall that A • cp\ H 
equals the map 

A • ip\ H : H A '^T A • r = ® j xa le 'x )j — > (m le ') d . 

This means precisely that for g,h G H and A • exp^ 1 ^) = X^Ajtjj, ^ ' 
exp -1 (/i) = Y^j A*iOj wu;n A/i/Xj € m k that 

A • exp _1 (c/Zi) = ^ F j (X 1 , A d , A*i, fid)*)] 

j 

where Fj(X±, ...,Xd,Yi, ...,Yd) G o[[(X s ), (Y s )]] without constant term. Then 
H is standard of level le' with respect to the chart 

exp~" 1 j e / , ( m le'\d 

where t)'j := A -1 t)j. Applying in this situation Lem. 15.21 we see that H is 
also standard of level 1 with a global chart given by 

H e ^ T = ©jtnjj — ► m d 

where Pj := u' 6 ' -1 ^-. Thus, the L-basis pi, ...,p<2 is as desired. Finally, Lem. 
15.21 also implies that the restricted group Hq is standard*. □ 

Given a locally L-analytic group G a choice of L-basis Pi,...,Pd of ql gives 
rise to the map 

Ol ■ C/, Xjij) ' * exp^iji) • • • exp(a; d p d ) G G 

defined on an open subset of ql = ®j^Tj containing 0. It is locally L- 
analytic and etale at and is called a system of coordinates of the second 
kind associated to the decomposition Ql = ®jL$j ([B-L], III. 4. 3 Prop. 3). 
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Furthermore, let us identify the Lie algebras ql resp. qq p of G resp. Go 
as Qp-algebras ([B-VAR], 5.14.5) and consider the following condition on G: 

Condition (L): There is an L-basis £l, o/Bl and a Z p -basis vi,...,v n 

of o with v% = 1 swc/j i/iai the system of coordinates of the second kind 6q p 
induced by the decomposition Qq p = ©j ©j Qp^ijj owes an isomorphism of 
locally Qp- analytic manifolds 

0q p : ©j ©i Zp^pj — ► G . 
T/ie exponential satisfies exp(A • fjPj) = exp(vjPj) A /or a// A € Z. 

We will refer to this condition several times in the following. Note that if G 
is pro-p and satisfies (L) with suitable bases Vi and ij then exp(A • v^j) = 
exp(ujj:j) A for all A E Z extends to Z p -powers and so the elements 

hij := 0Q p (vi£j) = exp(vi$j) 

are a minimal ordered system of topological generators for Gq. 

An obvious example of a compact locally L-analytic group satisfying (L) 
and having uniform scalar restriction is the additive group o. 

Corollary 5.4 Any compact locally L-analytic group G has a fundamental 
system of open normal subgroups H such that Hq is uniform and satisfies 
(L). 

Proof: It suffices to show that the group H constructed in the proof of the 
last proposition satisfies (L). This is because H C G' (in the notation of 
this proof) and by construction, the open subgroup G' of G can be chosen 
as small as desired. We use the notation of this proof. 

According to it (and in connection with Lem. 15. 2p Hq is standard* with 
respect to the bijective global chart 

$ . Ho e ^ r = e . 0i p^v^ — P K i n p d . 

Here, £[, ...,$' d and v\,...,v n are bases of ql resp. o and we may assume 
v\ = 1 (compare line ([!])). Denoting by e^j the ij-th unit vector in Zp d put 

hij := ^~ X ij> K eij) = exp(p re ^) 

for i = l,...,n, j = l,...,d. Lem. 15.11 implies that these nd elements are 
a minimal system h\\, h%\, h n d of topological generators for Hq. Putting 
lj : = p K i'- the map 

Qp : ©j ©j TL v Viij — ► H , ^2 A -;'''3j ^ II E[ h i? 

ij j i 
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is a locally Q p -analytic isomorphism since H$ is uniform (comp. section 3). 
Because of hij = exp(v^j) the map is by definition the system of coordinates 
of the second kind induced by the decomposition qq p = (Bj ©j QpVi^j ■ 

It remains to check the last requirement of the condition (L). For fixed 
A € Z we have exp(A • p) = exp(p) A for all p 6 A' since the group law on A' is 
given by the Hausdorff series. Since H = exp(r) with r C A' this identity 
holds a fortiori for all p € V and so in particular for p = v^j. □ 



Corollary 5.5 Suppose H is an open normal subgroup of G such that Hq is 
uniform satisfying (L). Then any step in the lower p- series of Hq endowed 
with the locally L-analytic structure as open subgroup of G is an open normal 
subgroup of G whose restriction is uniform satisfying (L). 

Proof: Let be the (m + l)-th step H^ in the lower p-series of Ho as 

topological group but with locally L-analytic structure as an open subgroup 
of G. It is thus open normal in G. Furthermore, its scalar restriction 
(-ff( m )) equals H^ as locally Q p -analytic group, according to [DDMS], 
Thm. 9.4. Let pi,...,pd resp. vi,...,v n be bases of ql resp. o such that the 
induced coordinate system 6q p realizes condition (L) for Hq. In particular, 
the elements hij := #Q p (vjpj) are a minimal ordered system hu, ...,h n d of 
topological generators for Hq. Putting i'- := p m ij the Q p -basis v^'j of qq p 

(which we identify with the Lie algebra of Fg™') is mapped by 9q p onto the 
set h p n ,...,h p nd . Thus 

6 Qp : ®j ®i Zpvtfj — » H [ ™ ] 

is a locally Q p -analytic isomorphism and by definition is the system of co- 
ordinates of the second kind induced by the basis v^'j . It follows that H^ 
satisfies (L) with respect to the bases p' 1; ...,p^ and v±,...,v n . □ 



6 Induced filtrations 

Consider a quotient norm ||.|| f , p~ x < r < 1, r G p^ on D(G,K). The Ba- 
nach algebra D r (G,K) carries the norm filtration defined mutatis mutandis 
as in section 4. We wish to compute the graded rings gf r D r (G, K) in case 
G satisfies (L). This is motivated by the fact that, in case of a uniform group 

over Qp, the regularity of D r (Go, K) is deduced from the corresponding 
properties of the graded ring gf r D r (Go, K) (cf. [ST5], Thm. 8.9 and proof). 

Turning back to the group G we identify 0l — Qq p over Q p where qq p 
denotes the Lie algebra of Go, the underlying locally Q p - analytic group of 
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G. Via this identification we view exp as an exponential map for Go as well. 
There is an action of L®q p ql on G an (Go, if) via continuous endomorphisms 
given by 

(v <8> f)f(g) -= v j t /(exp(-t?)5) |t=o 

as well as an L-linear inclusion /<8>q p 0l G D{Gq, if) via associating to u<8)y 
the functional / i-> (— v ®y)/(l) (cf. [ST2]). We fix an L-basis ji,...,^ of 
ql, a Qp-basis i>i, v n of L and form the distributions 

Fij := 1 <S> v&j -Vi<S> Pj G £>(G , if). 

The kernel of the quotient map D(G , if) -> if) 

/(Go, if) := {A G D(G ,if) : A| can(GK) = 0} 

is a two-sided and closed ideal. 

Lemma 6.1 The ideal /(Go, if) equals the closure of the K-vector space 
generated by 

Fijg G D(Gq, if) 
where i = 1, n, j = 1, c£, g € G. 

Proof: For clarity of notation we let for the moment denote 5 g the image 
of g in D(Gq,K). Let IF denote the closure of the described vectorspace. 
According [Ko], Lem. 1.3.2 the subspace C an (G,K) equals 

{/ G G on (G , if) : (1 ® v ih - Vl ® h )f = in C an (G , if) for all i,j} 

and so F^Sg G I. Since I is closed we have W C. I. Choose a continuous 
functional (j> on / vanishing on the subspace VF. We show cf> = whence 
VF = / by Hahn-Banach. For the strong dual /f we have the canonical 
isomorphism I' b ~ G an (G , if )/G an (G, if ) ([B-TVS], Cor. IV.2.2) whence 
$ = f for some / G G an (G , K)/C an (G, if). Then vanishing on IF implies 

FiMf) = o- 

Recalling that multiplication in D(Gq,K) is convolution one computes 

o = -^Mf) 

= 6 g (g>^-F ij (g»^f(g»g>))) 

= S g ((l <g> v$j)f - (vi <g> pj)/) = (10 - v< ® ?j)/(c/) 

Since i,j and <7 G G were arbitrary we have / G C an (G,K) which means 
= 0. □ 
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Proposition 6.2 As right-ideals of D{Gq,K) resp. D t {Gq,K) the ideal 
I(Gq,K) resp. its closure I t {Gq,K) C D t (Gq,K) are finitely generated by 
the Fij. 

Proof: This follows from above since each g G D(Go,K) is a unit, every 
finitely generated (right or left) ideal of D(Gq,K) is already closed ([ST5J, 
Cor. 3.4 and Lem. 3.6) and since we have I r = I D r (Go, K) ( |ST5] . proof 
of Prop. 3.7). □ 

Remark: The statements of [loc.cit.] used in the preceding proof are con- 
cerned with left D(Gq, iT)-ideals. Because of the anti-involution on D(Go, K) 
induced by g i— > g~ l (on the dense subalgebra i^[G]) they also hold for right- 
ideals. 

From now on we assume that the underlying locally Q p -analytic group Go 
is uniform and satisfies (L) and that pi, id and v\, ...,v n are corresponding 
bases (in particular v\ = 1 and thus F\j = for all j). Put hij := exp(ujtj) 
for i,j > 1. The elements hu, /121, h n( j, constitute a minimal ordered set 
of topological generators for the uniform group Go and the global chart 

Go > (Bj ® i TLpViij > 

induces expansions for the elements of D(Gq,K) in the monomials b a = 
b^VZ? ...b^ , a G where b tj := h {j - 1 G Z[G] C D(G ,K) (comp. 
section 4). Finally, let log(l + X) := E^-l)* -1 ** l k G QM- 

Lemma 6.3 We have = log(l + fey) — V{ log(l + b\j). 

Proof: Let / G C an (HQ, K). It has a Mahler expansion of the form 



for all x := (xn,X2i, ...,x n d) G Z" d with coefficients c a G K. Since 9q p re- 
stricted to the direct summand Q p v {f~ equals exp we may explicitly calculate 
the values (v.; <S> Tj)(f) an d (1 <8> viij){f). Then a comparison of coefficients 
yields the claim. □ 

Now let ||.|| r denote the norm on D{G$,K) which induces ||.||f and con- 
sider the exact sequence 

— ► I r (G , K) — ► L> r (G , K) — ► D r (G, K) — ► 

of filtered D r (Go, .fQ-modules. Here, I r (Go,K) denotes the closure of 
I(Gq,K) inside the Banach algebra D r (Go,K). The sequence of associated 
graded modules is exact whence 

gr r D r (G, K) ~ gr r D r (G , K)/gr r I r (G , K) 
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canonically (exactness follows from [B-CA], III. 2. 4 Prop. 2 and the fact that 
re / and K is discretely valued) . Recalling that we have an isomorphism 



gr r D r (G ,K) — (gr K)[X U , X nd ] 

onto a polynomial ring over gr'K via o~(bij) t— > Xjj to calculate grV D r (G, K) 
amounts to determine gf r I r (Go, K). Abbreviate D r := D r (Go, K), I r := 
I r (Go,K), Df := D r (G,K) for the rest of this section. 

We start by computing the principal symbols a(Fij). Recall that a real 
number < s < 1 is called not critical for the series log(l + X) if the 
supremum 

log(l + X)\ a := sup \\x k \ s = sup |-| s k 
ken k ken k 

is obtained at a single monomial of the series log(l + X). This monomial 
is called dominant. We assume for the rest of this section that r K is not 
critical for log(l + X). 

Lemma 6.4 We have 

a(F tJ ) = e' h Xf. - v t e- h xf. € gr r D r 

with h G No depending only on r K , Vi G k is the residue class of vi and e := 

i_ 

a(p) € gf K. For all r K < p p- 1 one has h = i.e. c(Fij) = X; L j — ViX\j. 
Proof: We have 

a(Fij) = <7(log(l + bij)) - «i<7(log(l + hj)) (7) 

since cr(6y) and cr(bij) are indeterminates in gr' r D r and since a is multiplica- 
tive (note that gf r D r is an integral domain). We compute <r(log(l + bij)). 
Since r K is not critical there is a dominant monomial of log(l + X) with 
respect to |.| r « whose index depends only on r and is easily seen to be a 
p-power, say p h . Since 

II k \\r~\ k \r -I k |r" 

for all ij and all one gets 

-Oog(i + 6y)) = ^(|r) = ^)< = 

i_ 

Finally, for all numbers in the interval (0,p p- 1 ) the linear term in 
log(l + X) is always a dominant monomial ([R], VI. 1.6 Ex. 2). □ 
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Corollary 6.5 The nd — d elements F^, i ^ 1 are orthogonal in D r i.e. 
one has for arbitrary Cij G K that 

1 1 / ^ij ^ij 1 1 r — max 1 1 Cij Fij 1 1 r . 

Proof: We may assume (via leaving away possible summands) that cij ^ 
for all ij and that ||cjji^j|| r =: p~ s , s G R is a constant for all ij. According 
to the above lemma the elements cr(Fij) generate a free gr'K-sub module 
inside gf r D r . We therefore get 

/ 'Y^a{cij)a{F i j) = ^ a(cijFij) = ^ c^i^ mod F r s+ L> r 

ij ij ij 

and so || £V c^-F^Hr = p~ s . □ 

Our next goal is to prove that grV I r is generated by the symbols a (Fij), i / 
1. 

Lemma 6.6 Fix ft G No. Consider the family T c in gf r D r consisting of 
the nd — d elements 

Take any pairwise different elements a±,...,at in T a . The residue class 
a± ^ is not a zero-divisor in gf r D r / J where J denotes the ideal generated 
by o- 2 , ...,o-t- 

Proof: Since e~ h is a unit in gr r D r and since we may choose elements 
di G k such that d[ = Vi the statement follows from the following gen- 
eral fact: given any polynomial ring A[Z±, Z^] and nonzero integers 
ni,...,ni, I < N the elements Z™ 1 , Z^ 2 , Z™ 1 (with any ordering) con- 
stitute a regular sequence on A[Zi, ...,Zn] ([Ka], 3.1, Ex. 12 (c)). □ 

For the rest of this section write T for the set of elements F^, i / 1. 
For any s G R let us say, for simplicity, that an element A G I r can be gen- 
erated in F^I r (resp. F^ + I r ) if A = ^2 k F k X k with finitely many elements 
F k £ J 7 , X k G D r such that F k \ k G F°I r (resp. F k X k G F,f + I r ). We want 
to show that every nonzero element A G I r can be generated in F^I r where 
s =deg(A). The following lemma prepares this result. 

Lemma 6.7 Let s£i. Let a sum 

F k X k £F r s +I r 

k=l,...,t 
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with t > 2, F k G T (pairwise different), X k G D r and F k X k G F£I r be 
given. There are elements X±, X' t _i G D r with F k X' k G F^I r and a term 
T G F* + I r such that 

F k X k = T+ F ^'k- 

k=l,...,t fc=l,...,t— 1 

Moreover, T can be generated in F^ + I r . 

Proof: Recall that ||.|| := ||.|| r is multiplicative and D r is an integral domain. 
We may assume that X k 7^ and thus F k X k ^ for all k. Furthermore, we 
may assume that deg(Ff c X) c ) is a constant, say s, independent of k (terms 
of higher degree may finally be put into the term T). Abbreviating a k := 
o~{F k ) all a k a(X k ) lie in the same homogeneous component of gf r D r and, 
by hypothesis, Ylk=l t a k cr (^k) = 0. Fix a k and write J k for the ideal 
generated by the elements ax, ■ ■, &k, at inside gr T D T ("means "omit"). 
Hence, W k a{X k ) = for the residue classes inside gf r D r /J k . Since 0% 7^ is 
not a zero divisor (Lem. 16. 6p we have a{X k ) G J k i-e. 

<r(A fc ) = fx°i + - + fjpk + ». + ffa 

with jf* G <?ry -D r . In this sum we may assume (without changing the value) 
the ff to be homogeneous and of the same degree. In particular, there are 
elements A^ G D r such that o~(Xf) = Letting now k vary and recalling 
that ll-FfeAfcjl = p~ s one obtains for all pairs (i, k) with i 7^ k that 

11^11 = IIAfcHHFfcll-V^c-V- (8) 

Note that c is independent of k and so ||A^|| = c~ 2 p~ s . 
For fixed one has 

«Ti«r(Aj) = £ ^ = ^ 

and all terms in the sum of the left-hand side are of the same degree. Hence, 
a (Y,i,i^k F i^i) = a (^k) which implies 

Afc = + 

with some term G D r of norm strictly smaller than ||Afc||. Now put 

A:= Yl F * F i X i> B:=Y,F k R k 
(k,i),k^i k 

so that £ fc F k X k = A+B. Then A = £fc=i,...,t F k X k with A fc := (£ f)¥fc F 4 Aj) 
has the same shape as the sum ^2 k F k X k , namely A G F^ + I r but i^A^ G 
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F^I r . Moreover, since ||-Ffci?fc|| < || -Pfe || = p s the term B G I r is generated 
in F^ + I r . Hence, it suffices to prove the statement of the lemma for the sum 
A. 

To do this, write 

A = E F *(E^ A *) + E F ^ A '- ( 9 ) 

k,k<t i^k i,i<t 

Now the L-subspace generated by the G JF in the Lie algebra L ®q qq p 
is an ideal (being the kernel of the algebra homomorphism L®q p qq p —>■ Ql)- 
Since we have an inclusion of the enveloping algebra L ®q ^(0q p ) into D r 
(cf. [ST2]) this amounts to F t Fi - FiF t = [F t ,Fi] = J2i4 F i with some 
pairwise different F( G J 7 and some coefficients cj G L. The commutativity 
of gr' r D r and Cor. 16.51 yield > || Ez 4-^/11 = m a x z 114-^/11 whence 

\4\< c (io) 

for all i, I. Now, using F 4 Fj = FiF t + c !-^f one S e ts 

= E^^KE^(E M <^)- 

So according to line ([9]) the term ^4 can be rewritten as 

A = Ek<tFk(E^k^ + F t Xi) + E^/(£ M <^A<) 

= T,k<t F kK + E* F !(E,i,i<t c i x l) 

with A' fc := Ei^fc ^iA^ + F t \ l k and this finishes the proof. Indeed, on the one 
hand, we have ||-PfeA^.|| = c ||A^.|| < ccc~ 2 p~ s = p~ s according to (|Hj) and so 
F k X' k G Ffl r . On the other hand, 

K(E c ' A ^)n ^ ma ?i c 'f ii^ a *h < c c_1 ^ s =^ S 

* — * i,i<t 

i.i<t 

according to (jHJ) and (TlO]) and so the sum ^/(Ej «<t c z is generated in 



Lemma 6.8 Any nonzero A G I r can be generated in F^I r where s =deg{\). 

Proof: Since r G p^ and K is discretely valued the filtration on I r has 
degrees in | • Z, some g G N. Write A = Efc=i t F k^k with pairwise 
different F k G J 7 , A fc G A- and F k X k G F s := F s/q I r , some s G Z. It suffices 
to prove that A G F s+1 implies that A can be generated in F s+1 . 
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Assume A G F s+1 . If t = 1 there is nothing to show. Hence, assume 
t > 2 and use the preceding lemma to write 

A = T+ F ^ 
fe=i,...,t-i 

with some A' fc G Z) r such that F k \' k G F s and a term T G F s+1 that can 
be generated in F s+1 . If t — 1 = 1 we are done. Otherwise the preceding 
lemma applies to the sum Ylk=i t-i -^fc^fe ^ -F s+1 as well. Since we have 
reduced the number of summands from t to t — 1, repeating the argument 
finitely many times yields the claim. □ 

Pick Fef. Put s :=deg(F) G R (independent of F). 
Corollary 6.9 For any given s£R one has 

F r s I r =Y, F F r~ S ° D r 

as additive groups. In particular, the graded ideal gr r I r is generated by the 
nd — d principal symbols o~(F), F G T . 

Proof: The first assertion follows from the preceding lemma by multiplica- 
tivity of the norm. The second follows from this by a standard argument 
(cf. [LVO], 1.5.4). □ 

We now compute the quotient ring D f . Recall that r K is not critical and 

j_ 

that this is automatic if r K < p p- 1 . Recall also that v\ = 1. Summarizing 
the results obtained so far yields the 

Proposition 6.10 There is an isomorphism of gr K- algebras 

gr - rD - (gfK)[X u , ...,X nd ]/({Xf* - ^Xf J "} i > 2J > 1 ) 

j_ 

where h G No depends only on r K . If r K < p p- 1 then h = and 

gf r D f ~ (gr'K)[X n , ...,X ld ] 

as gr K-algebras where the isomorphism is obtained by the above map to- 
gether with the algebra homomorphism induced by Xij ^ ViX\j for all 
In this case the norm \\.\\f is multiplicative and Df is an integral domain. 
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Proof: It remains to check, in case r K < p~p~^ , that X^ i— > ViXij really in- 
duces an isomorphism between (gr'K)[Xn, X nd ]/({Xij — ViXij}i>2, j>i) 
and (gr K)[Xu, ...,Xid]- This is a standard computation in polynomial 
rings. It follows that gr' r D f is an integral domain and ||.|| f must be multi- 
plicative. □ 
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Corollary 6.11 The ring D(G,K) is an integral domain. 



Remark: For the additive group G := o this was already shown in [ST4J, 
Cor. 3.7 using p-adic Fourier theory. 

Since D r — > Df restricts to the identity on group rings we may view 
the elements h a inside Df and consider their principal symbols in gf r Df. 
Tracing through the definitions of the maps involved yields the 

Corollary 6.12 The isomorphism gf r Df — > [gr K)[Xn, X\d\ maps 
cr{hj) i-» X V j. 

Let j3 E Nq. To simplify notation we denote by the element 

i 

Proposition 6.13 Let r K < p p- 1 . Every A E Df has a convergent expan- 
sion 

A = £ d p tf> 

with uniquely determined dp E K . Furthermore, 

\\\\\f = sup ||d^|| r - = sup \d p \r K W. 

13 P 

Proof: The norm ||.|| f is multiplicative and so gf r Df is freely generated as 
gr K- module by the symbols {c"(b^)} ( g gN d according to the above corollary. 

This implies that the monomials b' 3 generate a dense iT-subspace in Df 
such that ||A||f = max^ ||(igb^||f for any finite sum A = ^adphP out of this 
submodule. Finally, since a(bij) E gf r D r is mapped to cr(bij) E gr r D f by 
the canonical map gr r D r — > gr r Df it follows that ||&ij||r = ||^ij||f- D 

Remark: We have seen, provided that r is small, that gf r Df is a poly- 
nomial ring. We will deduce from this that Df is Auslander regular (Prop. 
I8.ip . However, without the restriction on the radius r it is easy to give 
examples where gf r Df has nonzero nilpotents and therefore infinite global 
dimension. This pathology motivates the following. 

7 Lower j9-series subalgebras 

The aim of this and the next section is to reduce the situation of a general 
radius r to the "small" case. Assume that H is a compact locally L-analytic 
group such that Hq is uniform of dimension d :=dimQ p /fo- Later H will be 
a suitable subgroup of G. 

Let 7 be a countable index set. A bounded family of pairwise different 
nonzero elements (ui)jg/ in a normed i<C-vectorspace V is called orthogonal if 
one has = max/ |cj| \ \vi\\ for any convergent series v = Y^i c i v i, c i € K. 
The family is called an orthogonal basis if any element v E V can be written 
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as such a convergent series. Letting p < r < 1, r G p^ we turn to the 
Banach space D r (Ho, K). Let hi, ...,hd denote a minimal system of ordered 
generators for Ho and put as usual bi := hi — 1. 

Lemma 7.1 Let T = {Tj}j g / &e a countable family of pairwise different 
nonzero elements of D r (Ho,K). For any Tj € T expand T{ = ^aeN d 
and choose Si £ Nq wzt/i ||Tj|| r = Hdj^b *||r- Suppose that for each Ti 
the index Si is uniquely determined and the map i : T — > Nq, Ti *—> Si is 
infective. Then the system T is orthogonal in D t (Hq, K). Suppose further 
that i is also surjective. Then T is an orthogonal basis for D r (Ho, K). 

Proof: This follows directly from [F], Lem. 1.4.1/2. □ 



Consider the lower p-series 

H = ff<°> D ffW D ... 

of i?o- Each subgroup i^"^ is uniform itself. As explained in section 4 its 
own lower p-series produces a p-valuation Kj( m ) on H^ m) satisfying (HYP) 

with the ordered basis h p x ,---,h^ . The global chart realizes D(H Q ,K) 
as a noncommutative power series ring and gives rise to a family of norms 
||.||£ m \ < s < 1 on D(H^ m \ K) defining its Frechet topology. Of course 

I I I | = |M|(0)_ 

Proposition 7.2 Fix m > 1 and suppose r K ' I ' m ~ 1 ' > p^ 1 . Then ||.|| r re- 
stricts to ll-ll^ on £/ie subring D^H^^K) C D(Hq,K) where r' = r pm . 

Proof: Abbreviate i? := D(H ,K), i? (m) := D(H { ™\k) and use induction 
on m. Let m = 1. Put 6^ := /i? - 1, b /a := b'? 1 ...b'™ d , a G Ng and consider 
an arbitrary element 

A = J] d Q b /a 

in it'W. To verify that ||.|| r restricts to ||.||$ on amounts to show, by 
definition of the norms \\.\\ s , that ||A|| r = sup Q \d a \rP K \ a \. To do this wc 
first compute the norm ||b /Q || r . We have 




By r K( - p 1 ) > p 1 it follows 

||6P|| r = r Kp > p~ x r K > p- x r Kk = | Q \r Kk = || Q b\ 
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for all k = 1, ...,p-l and so ||6j|| r = r Kp . Hence, ||b /a || r = Ili ll^llr 8 = rPKH - 
Since the Frechet topology on is stronger than the induced ||.|| r - 
topology ([Ko], Prop. 1.1.3) we may view A = ^2 a d a b' a as a convergent 
series in the i^-Banach space (D r (HQ, K),\\.\\ r ). Then we are reduced to 
show that the family of pairwise different nonzero elements T := {b /a } aeN «j 
is orthogonal in (D r (Ho, K), ||.|| r )- But this follows from Lem. I7.lt by our 
calculations S a is uniquely determined and equals pa. Hence, i : h' a i— > pa 
is injective. 

Now let m > 1 and assume that the result holds true for all numbers 
strictly smaller than m and that r K ^ pm_1 ^ > p^ 1 . Since the latter implies 
r ft(p m -l) y p—l induction hypothesis shows that ||.|| r on R restricts to 



,(m-l) 



m— 1 



on i?^ 1 ). 



Now H^ m) appears also as first step in the lower p-series of the uniform 
group Hq . Hence, the induction hypothesis applies to these two groups: 
for < s < 1, every ^ on i?( m_1 ) restricts to ||.||s™' > on R^ as long 

as s Kp > s K p~ l . We choose s = r pm . Then s Kp = r Kpm > r K p~ x > s K p~ l 
and so II. II m l) restricts to II. 11^ on R^ m \ □ 

ll ll j.p" L L 1 1 1 1 fP 



Lemma 7.3 Assume r K ^ pm ^ > p 1 . The inclusion of the closure 

D (r) (H^ l \K)^D r (H ,K) 

satisfies the assumptions of Prop. \2.S\ where the corresponding module ba- 
sis is given by any system of representatives 1Z for the cosets in Hq\Hq 
containing 1. 

Proof: Note that it suffices to prove that D r (Ho,K) is a finite free left 
Dr r ) (H^ , i^)-module. Indeed, it follows (as in the proof of Prop. 12. 2p 

that Di t \{Hq ,K) is noetherian whence D t .(Hq, K) is a finitely generated 
Banach module over a noetherian Banach algebra. By [ST5], Prop. 2.1 
the topology on the module D t (Hq,K) is thus the direct sum topology. 
Since the extension D(HQ m \ K) C D(Hq, K) obviously satisfies the assump- 
tions of Prop. 12.21 with basis 1Z passing to completions yields the same for 
D {r) (H^ m \K)CD r (H ,K). 

Put R,( m ) := D(H^ m) ,K), R^ := D {r) (H^ m) , K), R := fl(°>, R r := 

R^\ We again proceed via induction on to. Let m = 1 and r K ( p_1 ) > p^ 1 . 

As in the preceding proof put b\ := h\ — 1 for all i. By the discussion in 
[DDMS], 4.2 the elements h! 5 := • • ■ hf with (3 G {a G N#, Oj < p Vi} =: 
Ng )<p constitute a system 1Z' of representatives for the cosets in Hq\Hq. 
Furthermore, the family of pairwise different nonzero elements 

T := {h' a b }( a)/ g) e NgxNg i<p 
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is an orthogonal basis for (R r , ||-||r)- The latter follows similar to the pre- 
ceding proof by Lem. 17.11 observing that here, t is given by the bijection 
h' a h@ i— > pa + (3. Since the elements h' a , a € Nq constitute a topological 
if-basis for R^' the definition of an orthogonal basis implies that R is a 
finite and free left R^ -module on the finite basis h@, (3 £ Nq <p . 

Now let 771 > 1 and assume that the result holds true for all numbers 
strictly smaller than m. By the induction hypothesis we can assume that 

Rr = (Bhen> 4 m_1) h 

where 1Z' is a system of representatives for the cosets in Hq \Hq contain- 
ing 1. But appears also as first step in the lower p-series of Hq™ ^ 
and so the induction hypothesis applies to these two groups as well: if the 
index p^ 1 < s < 1 in p 1 ^ satisfies s Kp > s K p~ 1 then one has 

where 1Z" is a system of representatives for the cosets in HQ m \H^ n ^ con- 
taining 1, R^? ^ denotes the completion of i?( m_1 ) via the norm ||.||g m ^ 

and R^ is the closure of i?( m ) inside this completion. 

Now choose s = r pm 1 . Then we obtain on the one hand s Kp = r Kpm > 
r ^p-i > s K p~ l _ On the other hand Prop. 17.21 implies that ||.|| r restricts on 

i?( TO-1 ) to the norm II. II m ^l. Hence 
1 1 fP 



n (m-l) = R (m-1) dW = r>(m) 
fr-P m_1 ] r ' [ r P m ~ 1 ] r 

and the proof is complete. □ 



We deduce a quotient version of this result. 

Proposition 7.4 Adopt the assumptions of the preceding lemma. More- 
over, write res\\.\\ r for the restriction of \\.\\ r to the subring 0(11^, K) 
and quot(res \ \.\\ r ) for its quotient norm on D(H^ m \K). Let \\.\\f be the 
quotient norm of \\.\\ r on D r (H,K). The inclusion of the closure 

D (r) (H^ m \K)QD r (H,K) 

satisfies the assumptions of Prop. \2.2\ with 1Z as basis. The two norms 
res\\.\\r and quot(res\\.\\ r )) induce the same topology on D{H^ m \K). 

Proof: By the preceding lemma and its proof the | . | r -topology on D(Hq, K) 
equals the direct sum topology with respect to the decomposition D(Hq, K) = 
(BhenD(HQ m \ K)h (where D(H^ m \ K) carries the induced ||.|| r -topology). 
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One has I(H , K) = e hen I{H^ m> , K)h straightforward consequence of 
the definition of the ideals I(Hq,K), I(Hq , K). Passing to completions 
and then to quotients yields the assertions. □ 



8 Regularity for D(G, K) 

In this section we prove the main result. 

Let H be an open subgroup of G such that Hq is uniform and satisfies (L). 
For any m > let i?( m ) be the (m + l)-th step in its lower p-series. Then 
Hq 71 ^ is uniform satisfying (L) by Cor. 15.51 Furthermore, there is the usual 

family of norms ||.||r m \ p 1 < r < 1, r € on D(Hq , K) inducing a 
.ftT-Frechet-Stein structure. As previously explained this family is induced 
by the p- valuation on coming from its own lower p-series. Fix bases 

fi, resp. v\ = 1, v n of ql over L resp. o over Z p that realize condition 
(L) fori?Q . Define the nd—d elements Fy = l®Viij—Vi®ij G D(HQ m \ K), 
i 7^ 1. Given a norm on D(HQ m \ K) denote by as usual the 

corresponding quotient norm on D(H( m \K). We abbreviate ||.|| r := ||.||r 
and ||.||f := \\.\\? for all r. 

Proposition 8.1 Fix an index p" 1 < r < 1 in p^ with r K < p p- 1 and the 

quotient norm \ |. || [ m ' on D(H^ rn \K). Denote by gr r D r {H^ m \K) the graded 
ring associated to the -filtration on the completion D r (H^ m \ K). Then 

gf r D r (H^ m \ K) is a polynomial ring over gr'K in d variables and the norm 
on D r {H^ m \ K) is multiplicative. Furthermore, D r (H^ m \ K) is an 
integral domain, Auslander regular and of global dimension < d+1. 

Proof: According to Prop. 16.101 it remains to prove the Auslander regularity 
and the bound on the global dimension. Note that the ring gr'K = k[eo, eg 1 ] 
has global dimension 1. Thus, gr' r D r (H^ m \ K) = (gf K)[Xn, Xia] is a 
commutative noetherian ring of global dimension d + 1. Since 
is a Zariski ring (with respect to the norm filtration) ([LVO], II. 2. 2.1) the 
assertions follow directly from [loc.cit.], II. 3. 1.4 and III. 2. 2. 5. □ 



Proposition 8.2 Keeping the assumptions of the preceding proposition one 
has the sharper bound 

gld D r {H {m \K) < d. 
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Proof: This is a generalization of the argument given in [ST5] . (proof of) 
Thm. 4.9: first, we may pass to a finite extension of K if necessary. In- 
deed, if K'/K is finite then it follows directly from the constructions that 
D r {H^ m \ K') is free and finitely generated as a (left or right) module over 
Since we already know that gld D r (H^ m \ K) < oo we obtain 
gld D r (H( m \K) <gld D r (H( m \K') by [MCR] , Thm. 7.2.6. 

According to this remark we may assume that the ramification index 
e of K satisfies p~ l l e = r K (recall that r <E p®) with suitable / G N. It 
follows that homogeneous components in the graded ring gr' r 
are nonzero if and only if their degree lies in \ -Z. Denote by F°D r (H^ , K) 

the subring of D r {H^ m \ K) equal to the zero-term in the -filtration of 

D r (H^ m \K). We prove 

g\&F?D r (H {m \K) <d+l. (11) 

From this the claim follows since gld D r (H^ m \ K) < gld F^D r {H^ m \K) 
by a standard argument (comp. proof of |ST5j . Thm. 8.9). 

So let us prove the inequality (fTTj) . By Prop. 16.131 any element A G 
D r {H^ m \K) admits a unique convergent expansion A = X^aeN d d a b a with 
d a G K in the monomials h a = b" 1 ■ ■ ■ b^ d where bj := b\j. In this situation 
the norm is computed via ||A||^ = sup a |d a |r re l a l 

Now let 7r be a prime element of K and s G No- Then r K ' Q = |-7r|'' a l for 
all a G Nq and so for fixed e a G K the condition 

\\e a {b 1 /K i r...{b d /K i n { ™ ) < P - s / £ 

is equivalent to \e a \ < |vr[ s . It follows that the set Fr /e F^D r (H^ m \K) 
consists precisely of all series 

a 

with \e a \ < \ir\ s and \e a \ — > for \a\ — ► oo. By Cor. 16.121 the isomorphism 

gf r D r (H^ m \K) (grK)[X n ,...,X ld ], 

maps o~(bj) i— > X\j. Thus, restricting it to the homogeneous component 
gr s r /e F?D r (H( m \K) of the subring gr r F r ° D r (H( m \ K) C gr r D r {H^ m \K) 
yields an isomorphism (of additive groups) 

gr s r / e F^D r {H^ m \K) ~ e s ■ k[ Ul , u d ] 

where eo = o-(tt), Uj := a(bj/ir l ) = e$ X\j. Letting s vary one arrives at 
the ring isomorphism 

gr r F?D r (H( m \K) ~ k[e , u u -, ««,]. 
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The right-hand side is a commutative noetherian ring of global dimension 
d + 1. Since F^D r (H^,K) is closed in D r (H^,K) it it Zariski ([LVO], 
II. 2. 2.1) and hence ([loc.cit.], II. 3. 1.4) has global dimension < d + 1. □ 



Now make the following definition: fix once and for all a radius i 6 
with p < 5 < 1 such that 5 K < p p- 1 and consider the set S(6) of its 
positive real p-power roots 

d m :=* 1 /* w . 



r 



Clearly < <5 m < 1 and S m f 1 in for m — > oo. Hence, the norms 
with r G 5(5) induce the Frechet topology on D(H,K). In the following we 
show that the corresponding completions D r (H,K) are Auslander regular 
rings of global dimension < d. 

Given r E S{8) choose m £ No such that r p ™ K =5 and consider the 
Banach algebra Ds(H^ m+lt ~ 1 \ K). The latter denotes as usual the com- 
pletion of the Frechet-Stein algebra D(H( m+K ~^\ K) via the quotient norm 

|| ||(m+K— 1) 

Lemma 8.3 Let 1Z be a system of representatives for the cosets in 
H( m + K — containing 1. The restriction res \\.\\f of \\.\\f from D(H, K) to 
D(H( m+K ~ 1 \ K) is equivalent to the norm \\.\f^ n+K ^ • The resulting ring 
extension 

Dg(H^ m+K ~ 1 \ K) C D r (H, K) 

satisfies the assumptions of Prop. \2.%\ with 1Z as basis. In particular, both 
rings have the same global dimension and D r (H,K) is Auslander regular if 
and only if this is true for D^{H^ m+K ~ l \ K). 

Proof: We distinguish two cases: 

1. p ^ 2. Then k = 1 and r pm = 5. Now p~ l < 5 = r Kpm implies p^ 1 < 
r K,(p m -i)^ Thus p rQ p. |7.4| yields that res ||.||f is equivalent to quot(res \ \.\\ r ) 
on the subring D(H^ m \ K) C D(H,K) where as usual res \\.\\ r denotes 
the restriction of ||.|| r to the subring D(HQ m \K) and quot(res ||.|| r ) is 
the quotient norm of this restriction. Moreover, the inclusion of the clo- 
sure of D{H^ m \K) into D r (H,K) satisfies the assumptions of Prop. 12.21 
But according to Prop. [721 the two norms res ||.|| r and ||.|| coincide on 
D(HQ m \ K). Thus res||.||f is equivalent to g"uoi(||.||^l) = ||-||j m+K on 
D(H^ m \K) = D(H^ m+ti - l \K) and so the closure equals D$(H( m+K ~ l \K). 



2. p = 2. Then k = 2 and r pm+1 = 5. Now p 1 < 5 = r Kp "" implies 
p^ 1 < r K ( pm_1 ) and so, as for p / 2, the norm res \\.\\f is equivalent to 
gtioi(||.||^) on D(H^ m \ K) and, via completing, we have a ring extension 
satisfying the assumptions of Prop. 12.21 

Now put s := r pm . We wish to apply Prop. 17.21 and Prop. 17.41 a second 
time, namely to p^ 1 < s < 1 in p®, the norm ||.||i m ' > on D(H^ m) ,K) and the 
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subgroup H^ m+1) = (i4 m) )«. This is possible since 

Kn rJn + 2 o r .m + l o i _ 1 , n m + l _ 1 _ i ,, 

s K P = r p =r 2p =5 2 >p L 5 = p V =p V K:P =p V 

i.e. s^p^ 1 ) > By Prop. 17.21 the restriction of |.| ™m and the norm 

1 11""+^) coincide on D(HQ m+1 \ K). Thus, according to Prop. 17.41 the 



restriction of <yuoi(||.||^l) to D(H^ m+1 \ K) is equivalent to quot(\\.\\^^}) 
yielding a ring extension that satisfies the assumptions of Prop. 12.21 All in 
all res ||.|| f is equivalent to quotQlW^}) = \\.\\ { f +K ~ 1] on D{H^ m+1 \ K) = 
D(H i - m+K - 1 \K) and the extension 

D s (H^ m+K - 1 \K) C D r (H, K) 

is as desired. □ 



Proposition 8.4 Consider the usual family ||.||f, p^ 1 < r < 1, r £ o/ 

quotient norms on D(H, K). If the index r lies in the set S{5) the completed 
ring D r {H, K) is Auslander regular and of global dimension < d. 

Proof: Let r € S{§) and m € No such that r pm+K 1 = 5. By the above 

lemma it suffices to show that Ds(H^ m+fi ~ 1 \ K) is an Auslander regular 

i 

ring of global dimension < d. But since 5 K < p v- 1 this follows from Prop. 
EUand[821 □ 

The main result follows. 

Theorem 8.5 Let G be a compact locally L-analytic group of dimension d. 
Choose an open normal subgroup H such that Hq is uniform satisfying con- 
dition (L). Consider the set of norms ||.|| r , t £ S(5) on D(Hq,K). Endow 
D(Go,K) with the maximum norms and D(G,K) with the quotient norms. 
The completions D r (G,K) are Auslander regular rings of global dimension 
< d and constitute a (two-sided) K-Frechet- Stein structure on D(G,K). 

Proof: Let quot(\ \.\\ r ), r € S{5) be the family of quotient norms on D(H, K) 
via the quotient map D(Hq,K) — > D(H,K) and let D r (H,K) be the com- 
pletions. Choose a system TZ of representatives g\ = l,...,gi for the cosets 
in H\G and use the decomposition D(Go, K) = ©j D(Hq, K)gi to define on 
D(Gq,K) for each r G S(5) the maximum norm: 

|| h9i\\r ■= max ||A;|| r . 

i 

By [ST5], proof of Thm. 5.1 these norms are submultiplicative and the com- 
pletions D r (Go,K) resp. their quotients D r (G,K) constitute a two-sided 
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-fT-Frechet-Stein structure on D{Gq, K) resp. D(G, K). Now a direct calcu- 
lation gives that such a quotient norm ||.|| f on D(G, K) restricts to giiot(||.|| r ) 
on the subring D{H,K). Hence, the ring extension D r (H,K) C D r (G,K) 
satisfies the assumptions of Prop. 12.21 and the preceding proposition com- 
pletes the proof. □ 



9 Dimension and duality 

In this last section G denotes an arbitrary locally .L-analytic group. We 
indicate two applications of our results. 

For any compact open subgroup H C G the algebra D(H, K) is endowed 
with the two-sided Frechet-Stein structure exhibited in the last theorem. It 
satisfies the axiom (DIM) formulated in [ST5], Sect. 8. In [loc.cit.], Sect. 
6 the authors introduce the category Cq of coadmissible (left) D(G,K)- 
modules. We do not recall the precise definition here. As an immediate 
consequence of (DIM) the codimension theory, as developed in [loc.cit.] over 
Q p , is now available on Cq. In particular, any nonzero M G Cq has a well- 
defined codimension bounded above by dim^ G and comes equipped with 
a filtration of finite length by coadmissible submodules. A coadmissible 
module which is either zero or has maximal codimension equal to dim^G is 
called zero- dimensional. 

As an application we prove that coadmissible modules coming from 
smooth or, more general, [/(g)-finite G-representations (as studied in [ST1]) 
are zero-dimensional. We remark that over Q p , all these cases are already 
treated in [ST5], Sect. 8. We start with a generalization of [loc.cit.], Prop. 
8.14. 

Proposition 9.1 Consider a d- dimensional locally L-analytic group H such 
that Ho is uniform and satisfies condition (L) with corresponding L-basis 
Pi, yrf of Ql, the Lie algebra of H . Let Ai, Ad be elements ofU{QL), the 
enveloping algebra, such that \j = Pj(Pj) where Pj is a nonzero polynomial 
in L[X] with Pj(0) = 0. Denote by J the left ideal of D(H, K) generated by 
the \j. The coadmissible module D(H, K)/ J is zero- dimensional. 

Proof: Since J is finitely generated the D(H, iT)-modules J and D(H, K)/J 
are coadmissible by [ST5], Cor. 3.4. It thus suffices, according to [loc.cit.], 
Cor. 3.1 and Remark 3.2, to fix r £ S(5) and prove 

JD r (H,K) (D r (H,K)/D r (H,K)J) > d. 

By Lem. ES]we have with R x := D r (H,K), R := D 5 {H {m \K) that R x is 
free as -Ro-bimodule on the finite basis 1Z. Here, m G No is appropriately 
chosen and 1Z is a finite system of representatives for the cosets in H^\H 
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containing 1. According to the proof of Cor. 15.51 the uniform group Hq 
satisfies (L) with the L-basis p m Tj- Let /in, h nd denote the induced min- 
imal ordered generating system for Hq and put as usual bj := h\j — 1. 
According to Prop. 16. 131 the elements h a , a G Ng are a topological if -basis 
for the Banach space Rq and moreover, orthogonal with respect to ||.||j m ' > . 
As graded ring we have gr's Rq = (gr K)[a(bx), cr(bd)] where a denotes 
the principal symbol map. 

since is open we may consider the left ideal Jo generated 

by Ai,...,Arf inside i?o- Abbreviate J\ := D r (H,K)J and consider the 
homomorphism R\ ®r Jq — * R\Jq = Ji of left Pi-modules. By flat- 
ness of R\ over Rq it is bijective and we have R\/J\ ~ R\ ®r (Rq/Jq) 
as left Pi-modules. By Lem. 12.11 and faithful flatness of Ri over Rq we 
obtain jr^Ri/ J\) = jRa (Rq/Jq)- Since Rq is Zariski with Auslander regu- 
lar graded ring the right-hand side equals j gr - s r (gr'$ Ro/gr's Jo) according to 
[LVO], III. 2. 5. 2. By standard commutative algebra the commutative noethe- 
rian regular and catenary domain gr'$ Rq is Cohen-Macaulay with respect to 
Krull dimension (on the category of finitely generated modules) ([BH], Cor. 
3.5.11). Since gf$ Rq has Krull dimension d + 1 it suffices to show that the 
finitely generated module gr$ Rq / gr's Jq has Krull dimension < 1 . 

Now identifying the Lie algebras of and over Q p we have 

p m lj = log(l + bj) in Rq. In gr's Rq we obtain <r(log(l + bj)) = a(bj) by 

(m) l 

definition of the norm \\-\\\ and the fact that 5 K < p p- 1 . Since a(p m ) € 
gr L is a unit and since Pj(0) = we obtain 

a(\j)=a(Pj( h ))=P'j(a(bj)) 

with some nonconstant polynomial P- G (gr L)[X]. Since cr(Xj) G gr's Jo we 
have a surjection 

(gr'K)[a(b 1 )]/(a(X 1 )) ® gr - K ... ® gr - K (gr K)[a(b d )]/ (a(\ d )) -> gr's Rq/ gr's Jq- 

Each (gr K)[a(bj)]/(a(Xj)) is finitely generated as a module over the one- 
dimensional ring gr K and hence, so is gr's Ro/gr's Jq- According to [B-CA], 
Prop. V.2.1.1 and Cor. V.2.1.1 the ring gr's Rq/ gr's Jq has then Krull di- 
mension < 1. □ 



Theorem 9.2 Let M G Cq- If the action of the universal enveloping algebra 
U(ql) is locally finite, i.e., ifU(gL,)x,for anyx&M, is a finite dimensional 
L-vectorspace then M is zero- dimensional. 

Proof: Fix an open subgroup H C G such that Hq is uniform satisfying (L) 
and let x G M. According to [ST5], Prop. 8.11 it suffices to check that the 
cyclic module D(H, K)x G Ch is zero-dimensional. Let £i, ...y^ be a basis of 
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ql realising condition (L) for H. Write D(H, K)x = D(H, K)/J% with some 
left ideal J\ of D(H,K) and let Jo be the kernel ideal of U{ql) — > U{ql)x. 
Then Jo C J\ and the left ideal Jo of U(ql) has, by assumption, finite codi- 
mension in U(ql). Hence, Jo must contain, for every j = 1, d, an element 
Xj := Pj(tj) where Pj £ L[X] is a nonzero polynomial with Pj(0) = (the 
latter since U(ql) is an integral domain). The left ideal J Q J± generated 
by these elements Xj in D(H,K) satisfies the assumptions of the preceding 
proposition. Thus D(H, K)/ J is zero-dimensional and hence, so is its quo- 
tient D(H, K)/ J\ according to elementary properties of the codimension. □ 

A smooth G-representation V is called admissible- smooth if, for any compact 
open subgroup H C G, the vector subspace V H of /J-invariant vectors in 
V is finite dimensional. An admissible-smooth G-representation equipped 
with the finest locally convex topology is admissible in the sense that its 
strong dual lies in Cq ( | ST5| . Thm. 6.6). 

Corollary 9.3 IfV is an admissible-smooth G -representation then the cor- 
responding coadmissible D(G, K) -module is zero- dimensional. 

Proof: By [ST5J, Thm. 6.6 the derived Lie algebra action on V is trivial. The 
corresponding coadmissible module M is the strong dual with D(G,K)- 
action induced by the contragredient G-action ([loc.cit.] Thm. 6.3). Thus 
U(ql)% = Lx for all x € M and the preceding theorem applies. □ 

Theorem 9.4 Let G be compact and M £ Cq. If the K -vectorspace 

M r :=D r (G,K) ® D(GiK) M 
is finite dimensional for all r E S(5) then M is zero- dimensional. 

Proof: Let H C G open such that Hq is uniform satisfying (L). Letting 
x G M it suffices to prove that D(H,K)x £ Ch is zero-dimensional. Write 
D(H, K)x = D(H, K)/J, J some left ideal and fix r € S(5). Since D r (H, K) 
is flat over D(H, K) according to [ST5] . Remark 3.2 we have an inclusion of 
D r (H, if)-modules 

D r (H, K)/D r (H, K)J = D r (H, K) ® d{h ,k) D(H, K)x — > M r 

and hence the left-hand side is finite-dimensional over K. If ql denotes the 
Lie algebra the left ideal Jo := (K ®l U(ql)) H (D r (H,K)J) has therefore 
finite X-codimension in K ®l U(ql). As in the proof of the preceding the- 
orem D(H, K)/D(H, K)Jq and also D(H, K)/ J are zero-dimensional. □ 
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As a second application we simply remark that key parts of the duality 
theory for admissible locally analytic representations (as developed in [ST6J 
over Q p ) now extend to the base field L. Thus, also for locally L-analytic 
groups G, the duality functor (defined on the bounded derived category of 
D(G, -ftT)-modules with coadmissible cohomology) is an anti-involution. Due 
to the presence of the codimension the category Cq is filtered by abelian 
sub quotient categories and the functor is computed as a particular Ext- 
group on each of them. 
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